Abstract. This study considers the operatorT corresponding to the classical spacetime four-volumeT (on-shell) of a finite patch of spacetime in the context of Unimodular Loop Quantum Cosmology for the homogeneous and isotropic model with flat spatial sections and without matter sources. Since the spacetime four-volume is canonically conjugate to the cosmological "constant", the operatorT is constructed by solving its canonical commutation relation withΛ -the operator corresponding to the classical cosmological constant on-shellΛ. This conjugacy, along with the action ofT on definite volume states reducing toT , allows us to interpret thatT is indeed a quantum spacetime four-volume operator. The discrete spectrum ofT is calculated by considering the set of all τ 's where the eigenvalue equation has a solution Φ τ in the domain ofT . It turns out that, upon assigning the maximal domain D(T ) tô T , we have Φ τ ∈ D(T ) for all τ ∈ C so that the spectrum ofT is purely discrete and is the entire complex plane. A family of operatorsT (b0,φ0) was also considered as possible self-adjoint versions ofT . They represent the restrictions ofT on their respective domains D(T (b0,φ0) ) which are just the maximal domain with additional quasi-periodic conditions. Their possible self-adjointness is motivated by their discrete spectra only containing real and discrete numbers τ m for m = 0, ±1, ±2, ....
Introduction
The construction of a quantum theory of gravity aims to unify the empirically successful theories of General Relativity (GR) and Quantum Field Theory (QFT). Since according to GR, spacetime represents the gravitational field and is a dynamical quantity much like any other field, and according to QFT, any dynamical field is represented by discrete quanta that can be in a superposition of states, then there should be quanta of spacetime [1, 2] , like "atoms" of spacetime, subject to the fuzziness of quantum superposition and where the smooth classical spacetime emerges at large scales. Perhaps then, one can consider a patch of spacetime (corresponding to an "atom"), determine its quantum dynamics (analogous to one-particle dynamics), and determine the rules to combine the patches into a many-patch system (analogous to interacting many-body systems) [3] . Loop Quantum Gravity (LQG) is one such approach where the quantum discreteness of spacetime is derived rather than postulated [4] . This is apparent in the discrete eigenvalues of the area and volume operators [5] suggesting that there is a minimum possible area and volume. That is, space is discrete according to LQG. Group Field Theories (GFTs), which are related to Spin Foam Models (SFMs) and can be considered as second quantized formulations of LQG, consider the microscopic interactions of these atoms so that macroscopic spacetime emerges as a condensate [6, 7] . Loop Quantum Cosmology (LQC) is an application of the loop/polymer quantization of LQG on symmetry reduced cosmological models [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] . Note that this may not be the same as doing a symmetry reduction from the full quantum theory. The loop quantization of LQG produces quantum representations inequivalent to those used in a Wheeler-DeWitt (WDW) quantization -a quantization procedure akin to usual quantum mechanics. One motivation for studying LQC is that the simplified models can provide a testing ground for some aspects and ideas from the full theory of LQG. Some of these models are called minisuperspace models -reduced theories with no remaining field-theory degrees of freedom. These theories include the homogeneous and isotropic Friedmann-Lemaitre-Robertson-Walker (FLRW) models for the spatially flat (k = 0) [19, 20, 21] , positively curved (k = 1) [22] , negatively curved (k = −1) [23] , and with a non-vanishing cosmological constant [24] cases. As a next step on extending to more general cases, anisotropic cosmologies such as the Bianchi I [25, 26, 27, 28, 29] , II [30] , and IX [31] models were also considered. Further still, inhomogeneous midisuperspace models, field theories with few enough Killing vectors to ensure local remaining degrees of freedom, are studied in the context of LQC. A specific example is the polarized Gowdy T 3 model [32] corresponding to gravitational waves propagating in a closed expanding universe. The quantum nature of black holes has also been considered [33] through the loop quantization of spherically symmetric spacetimes. A full loop quantization was completed through a partial gauge fixing [34, 35] to eliminate the diffeomorphism constraint and later, this gauge fixing was circumvented [36, 37] .
A robust result from the analysis of these models in LQC is the avoidance of classical singularities [8, 19, 20, 21] such as the Big Bang and Big Crunch singularities being replaced by a Quantum Big Bounce. This avoidance is attributed to the effects of quantum geometry (the discreteness of space) so that there is an effective repulsive force when the universe reaches a certain minimum size and the energy density of matter reaches a maximum value. This departure of LQC dynamics from the classical one near the singularity is not shared by the WDW dynamics such that the classical singularity is not resolved in the WDW theory. The inequivalence of LQC and WDW theory is apparent in the differences in the Hilbert space structure defining the possible normalizable states of the quantum theory, and the Hamiltonian constraint operator defining the quantum dynamics. As an example, the normalizable states in WDW theory are continuous integrals whereas in LQC, they are discrete sums. Moreover, the Hamiltonian in WDW theory is a continuous differential operator while in LQC, it is a discrete difference operator. The prescription in constructing such an LQC Hamiltonian operator is however, not unique. Issues such as the operator ordering and densitization of the Hamiltonian constraint [38] , and the dynamical refinements of the discreteness scale [9, 39] exist. Nevertheless, the quantum bounce remains a feature for them. The LQC dynamics also admit an effective theory description obtained using coherent state techniques [40] so that an effective Hamiltonian is obtained which modifies the classical equations of motion. Interestingly, the LQC effective theories for the minisuperspace models very accurately capture the underlying quantum dynamics of sharply peaked universe states that become macroscopic at later times. This accuracy is true even near the bounce point [41] . A few results include a maximum energy density ρ crit = 3(κγ 2 ∆) −1 (where κ = 8πG, γ ∈ R is the Barbero-Immirzi parameter, and ∆ is the minimum eigenvalue of the area operator in full LQG [5, 42] ) for at least the k = 0 FLRW model [10] , exotic singularity resolution for all strong and some weak singularities for the flat [43] and curved [44] FLRW models, numerical simulations and effective equations of motion incorporating more general quantum states such as widely spread Gaussian and non-Gaussian states [45, 46, 47] , and the effective dynamics of Bianchi IX [48] . Other recent studies in LQC refer to the return of the self-dual variables (γ → i) [49] as a potential answer to the Barbero-Immirzi parameter ambiguity. One motivation is that unlike the self-dual connection, the real valued connection (that is, with γ ∈ R) does not admit an interpretation as a spacetime gauge field [52] . The hope is that one might get some insight from self-dual LQC in order to construct a self-dual LQG. Since we do not know the kinematical Hilbert space for a self-dual LQG, a possible insight coming from self-dual LQC are in the papers [50, 51] where for some cosmological models, their corresponding kinematical Hilbert spaces were constructed by choosing a particular inner product to properly impose the reality conditions in the quantum theory. One of the toy models is the three-dimensional Lorentzian LQG where the spectra of the geometric operators, from being discrete in usual LQG, become continuous in the self-dual version [53] . A question then arises of whether the discreteness of the area and volume spectra would survive in the full four-dimensional self-dual LQG. Another question regarding the discreteness of the spectra of the LQG geometric operators was posed in [54, 55] where they investigate whether the said discreteness at the kinematic level would survive at the physical level.
Unimodular Quantum Gravity (UQG) [56, 57, 58, 59 ] is the attempt to apply quantization rules to the theory of Unimodular Gravity (UG) -a modification of GR where the determinant of the metric was to be held constant. A different classical formulation by Hennaux and Teitelboim has been constructed where the metric can be varied fully and without restriction so that the theory is fully diffeomorphism invariant [60] . In UG, the cosmological constant Λ from usual GR is instead a dynamical variable conjugate to the spacetime four-volume T . The spacetime constancy of Λ is alternatively enforced by the equations of motion. The solutions of UG are then equivalent to GR with a non-vanishing Λ. The four-volume T can also be interpreted as a "cosmological time" so that the corresponding dynamics of the quantum theory can refer to this time and the equations become "Schrodinger-like" [61] . Thus, UQG seeks to address the Frozen Formalism facet of the Problem of Time (POT) in QG [62] . However, the interpretation of T as the reference time to use still has difficulties as a resolution to the POT [63] . There are also studies that incorporate the principles of LQG [64, 65] into UG. Specifically in [66] , the k = 0 FLRW model was considered and the role of T as time was compared with the usual massless scalar field as the "emergent time". The resulting theory was relatively simpler in the sense that since the Hamiltonian is linear in Λ, the corresponding time evolution is of first order ∂ ∂T as opposed to the "Klein-Gordon-like" second order evolution arising from the massless scalar field clock.
This study would be in the context of Unimodular Loop Quantum Cosmology (ULQC) as well. Specifically, we will consider the k = 0 FLRW model and study an operator corresponding to the four-volumeT (on-shell), denoted byT . We will investigate the possible quantum discreteness of a spacetime patch by asking whether T has a purely discrete spectrum, in analogy to the discrete spectra of, say, the volume operator of the usual LQC. Also, since the Hamiltonian operator becomes a difference operator as mentioned earlier, perhaps a consequence of the spacetime four-volume discreteness is a discreteness in the time evolution [17] . That is, where ∆T is some minimum four-volume. This mirrors a procedure in usual LQC where the curvature cannot be expressed in terms of holonomies around loops of vanishing area but rather in terms of those around a minimum possible area ∆. This study is structured as follows. In Section 2, we review the theory of UG proposed by Hennaux and Teitelboim and express them in terms of the Ashtekar Variables. In Section 3 we apply the theory on the k = 0 FLRW model and construct an expression for the classical spacetime four-volume on-shell, which we denote asT . In Section 4, we review the kinematic Hilbert space H kin by defining its inner product and a basis for the states in H kin , along with the basic operators acting in H kin . In Section 5, we construct a quantum spacetime four-volume operatorT acting in H kin with calculation details in Appendix A. In Section 6, we calculate the discrete spectrum ofT by solving for the formal solutions Φ τ to eigenvalue equation (τÎ −T )Φ τ = 0 and finding the set of all τ 's where Φ τ is in the domain ofT which we set to be its maximal domain D(T ). It turns out that all the Φ τ 's are normalizable in H kin so that Φ τ ∈ D(T ) for all τ ∈ C. Thus,T has the entire complex plane as its purely discrete spectrum. In Section 7, we consider a family of operatorsT (b 0 ,φ 0 ) as possible self-adjoint versions ofT . TheT (b 0 ,φ 0 ) 's represent the restrictions ofT on domains with additional quasi-periodic conditions and these domains may be related to the superselection sectors determined by the Hamiltonian constraint of the theory. We motivate their possibility to be self-adjoint by calculating their discrete spectra and seeing that they contain only real and discrete numbers τ m for m = 0, ±1, ±2, .... To verify this self-adjointess however, one needs to show that thê T (b 0 ,φ 0 ) 's satisfy certain conditions which will be the topic of future studies. Lastly, in Section 8, we conclude.
Classical Unimodular Gravity in terms of the Ashtekar Variables
A fully diffeomorphism invariant formulation of unimodular gravity is defined by the Hennaux-Teitelboim (HT) action [60] 
over a manifold M which, for simplicity, we consider has a vanishing stress energy tensor. Note that κ = 8πG, g is the determinant of the metric g µν , R is the Ricci Curvature Scalar, Λ is a scalar field, and τ µ is a vector density. That is, the action Eq (1) depends on the full unconstrained metric and the gauge symmetry includes the full diffeomorphism group of the manifold [57, 65] . Variation with respect to Λ yields the unimodular condition √ −g = ∂ µ τ µ while variation with respect to τ µ yields ∂ µ Λ = 0 which implies that Λ is a constant in space and time -a cosmological constant. Now, variation with respect to the metric would yield the Einstein Field Equations (EFEs) with a non-zero cosmological constant Λ. This then suggests that any solution of the EFEs for any Λ is a solution of the HT unimodular gravity theory.
We introduce the tetrad vectors e 
where,
is the Hamiltonian, A 
respectively, and where, E = |det(E a i )|, γ is the real Barbero-Immirzi parameter introduced by the Holst term, R i ab is the curvature of Γ i a , and
is the curvature of A i a . Since the Hamiltonian is just a linear sum of the vanishing constraints, we then have a vanishing Hamiltonian H = 0.
Note that since ∂ a Λ = 0, we see that T = Σt d 3 xτ 0 is canonically conjugate to Λ. It can be interpreted by considering the integration of the unimodular condition over a region C ⊂ M bounded by Σ t 2 and Σ t 1
which is just the four-volume between the hypersurfaces Σ t 2 and Σ t 1 . T can be considered as a "cosmological time" since it increases continuously for any future directed time-like curve [66] . Also note that T is still off-shell since we have not used all the constraints yet.
Reduction to a Cosmological Model
We now consider a finite, spatially flat, homogeneous and isotropic patch C of spacetime described by the metric
• q ab is a constant fiducial metric on Σ t which we consider to be topologically equivalent to R 3 , and a(t) is the scale factor characterizing the size of the finite spacelike cell Σ t of C = Σ × R at some proper time t. Namely, a 3 (t)V 0 is the physical (threedimensional) volume of Σ t at t, where V 0 = Σ d 3 x is the nondynamical coordinate volume. Because the space is flat, homogeneous, and isotropic, we can let the cell Σ t be cubical with respect to every physical metric on R 3 [10] . We consider the case where there is a nonzero cosmological constant Λ and for simplicity, a vanishing stress-energy tensor so that the scale factor satisfies the Friedmann Equations (the components of the EFEs)ȧ
Note that they imply a ± (t) = a 0 exp ±
t where a + (t) (a − (t)) represents an always expanding (contracting) Σ t , In symbols,ȧ + > 0 (ȧ − < 0) for all t. This system can be equivalently described in the Hamiltonian formulation by considering the Ashtekar variables
where
• e b j
• q ab = δ ij ) which can be diagonalized and • e a i . Classically, this does not change for the underlying manifold to be orientable. In the quantum theory however, this can be allowed to change. The conjugate pair (c, p) satisfies the Poisson Bracket
which can be read off from the action, Eq (2). It can be shown that the Ashtekar variables given by Eq (9) already satisfy the constraints G i = 0 and V a = 0 (due to homogeneity and isotropy as well). Along with the spatial constancy of Λ, the only vanishing constraint left to impose is Eq (4) which can be further simplified. Using Eq (9), the curvature of the connection A i a ∼ c(t), given fully by Eq (5), reduces to
and owing to the spatial flatness of Σ t , the curvature R i ab of Γ i a vanishes so that the Hamiltonian (Eq (3) with N = 1 so that t is the proper time) reduces to
And so, we can impose the Hamiltonian constraint as the vanishing of Eq (12) . Using H = 0, along with the equations of motionṗ = {p, H} andċ = {c, H}, the Friedmann Equations, Eqs (8) , are reproduced. Additionally, (T, Λ) form another pair of dynamical conjugated variables satisfying the Poisson Bracket
which also can be read off from Eq (2). One readily finds thatΛ = {Λ, H} = 0 so that Λ is also a constant in time andṪ (t) = {T, H} = |p(t)| 3/2 = a 3 (t)V 0 is the three-volume of Σ t . Integrating, we see that
′ is indeed a four-volume and can be interpreted as the four-volume preceding the hypersurface Σ t . Also note that T (t) is explicitly monotonic for any timelike curve so that, indeed, it can be called as a cosmological time.
We wish to find an expression for T using only variables on Σ t . We proceed first by imposing the vanishing of the Hamiltonian Eq (12) , to arrive at an expression for Λ on-shell which we denote asΛ. Namely,
and use the equations of motionΛ = 0,Ṫ = |p| 3/2 , and γṗ = 2c|p| 1/2 , so that
where the unprimed variables are evaluated at the hypersurface Σ t while the primed variables are evaluated at some other hypersurface Σ t ′ where t ′ = t. Taking the square root, we get
while remembering that the positive (negative) sign, and so c = γȧ > 0 (c = γȧ < 0), represents the expanding (contracting) hypersurface Σ t . Integrating,
so thatT (c, p) is the four-volume preceding Σ t ′ with volume |p(t ′ )| 3/2 = 0 and succeeding Σ t with volume |p(t)| 3/2 . As withΛ, we denote Eq (17) with a tilde since it is now a quantity evaluated on-shell. Note that for p > 0,T < 0 (T > 0) when c > 0 (c < 0) so that Σ t ′ happened before (after) Σ t for an expanding (contracting) hypersurface. One can also calculate that Eq (17) still satisfies the Poisson Bracket Eq (13). Thus, we interpretT (c, p) as indeed measuring the volume of a finite four-dimensional region of spacetime.
The Hilbert Space Properties of Loop Quantum Cosmology
Having the conjugate pairs (c, p) and (T, Λ), constructing the quantum theory should be straightforward by mapping the pairs into operators acting on the kinematical Hilbert space H kin of Loop Quantum Cosmology (LQC) and their Poisson Brackets to commutation relations. However, according to Loop Quantum Gravity (LQG), the connection c has no corresponding operator on H kin [13] so that the quantities with geometrical operator analogs are the holonomies of the connection. That is, the path ordered exponential of the connection along a curve. Due to the homogeneity and isotropy of the space we are considering, it suffices to consider holonomies along straight line segments with coordinate length µV is the coordinate length of the j th edge. The holonomy of the connection along such an edge is [8] 
which can be written in terms of the complex exponentialsÑ µ = exp (iµc/2). Also note that I is the 2 × 2 identity matrix, and 2iτ j = σ j are the spin Pauli matrices. It is then the holonomies h (µ) j (or equivalently,Ñ µ ) which can be operators acting on H kin . Now, the physical Hilbert space H phys of LQC is the space of states which are annihilated by the operator version of the Hamiltonian constraint Eq (12) [8] . That is, for Φ phys ∈ H kin satisfyingĤΦ phys = 0 then Φ phys ∈ H phys . In order to construct an operator versionĤ of Eq (12) however, one needs to rewrite the curvature F i ab , given by Eq (11), in terms ofÑ µ . This can be done by considering holonomies h (µ) ij around a square loop ij in the i − j plane spanned by a face of the cell Σ t where each side of ij has coordinate length µV
The curvature F i ab can then be written in terms of h (µ) ij as the square loop ij (or, equivalently µ) approaches zero. However, we cannot let the area of ij go to zero in the quantum theory [9] . Instead, we let the area of the loop shrink until it has a minimum coordinate area ofμ 2 V
= |p|μ 2 which we set to be equal to ∆, the minimum eigenvalue of the area operator in full LQG [5] . This prescription, |p|μ 2 = ∆ is called improved dynamics [21] . Then, Eq (11) becomes [8]
so that we effectively replace
which now have operator analogs. This suggests that the curvature is non-local [10] . Note that we recover the original curvature c 2 if we insist onμ → 0. We introduce a change in variables [8] ,
with ℓ pl = √ G as the Planck length so thatÑ λμ = exp (iλb/ ) ≡ N λ . Then, from Eq (10), we get the Poisson Bracket {b, ν} = 1 which, in turn, gives {N λ , ν} = iλ N λ . Additionally, one can see that |ν| is proportional to the volume. Thus, the basic operators acting on H kin areN λ andν and their Poisson Bracket structure is mapped into an operator commutation relation
The kinematic Hilbert space H kin is then L 2 (R Bohr , dµ Bohr ), the space of square integrable functions on the Bohr compactification of the real line R Bohr equipped with the Haar measure µ Bohr [13] . That is, it is the space of normalizable states Φ(b) ∈ H kin under the inner product
with a basis given by
The set of basis states N ν (b) form a complete and non-countable orthonormal set
so that the Hilbert space H kin is non-separable. In fact, the N ν (b)'s are the LQC analogs of the spin network functions in full LQG [67] . A general state Φ(b) ∈ H kin is then a countable linear combination
with ||Φ|| 2 = Φ|Φ = ν |Ψ(ν)| 2 < ∞. They are sometimes called almost periodic functions because the ν's are allowed to be arbitrary real numbers rather than integer multiples of a fixed number. Note that the normalizable state vectors are not integrals but a discrete sum. Consequently, the intersection between H kin and the usual Hilbert space L 2 (R, db) of quantum mechanics is the zero vector [10] . Thus, the structure of the LQC Hilbert space is very different from the Hilbert space used in usual Quantum Cosmology -the Wheeler-DeWitt (WDW) theory.
The actions ofN λ andν on an arbitrary state Φ(b) ∈ H kin which respects the commutator structure of Eq (22) are given bŷ
respectively. Note that the following operations hold:N λNλ ′ =N λ ′N λ =N λ+λ ′ ,N 0 =Î, and (N λ ) −1 =N −λ , whereÎ is the identity operator on H kin . One can also readily calculate their actions on the basis aŝ
so that the N ν (b)'s are the normalizable eigenstates ofν with eigenvalue ν. Their normalizability suggests that the spectrum ofν (which is proportional to the volume operator) is discrete. This is what one means when one says that the (spatial threedimensional) volume is discrete [13] . Moreover, one can say that the N ν (b)'s are states of definite volume ν. We now pose a similar question for the four-volume. That is, if one can construct an operator acting on H kin which corresponds to the spacetime four-volumeT (c, p), Eq (17), is its spectrum discrete?
A Quantum Spacetime Four-Volume Operator
We are now considering the quantum version of the classical system in Section 3. That is, our quantum system is now the finite space-like hypersurface Σ t evolving through the proper time t without matter sources and with non-vanishing Λ. We wish to find an operator version of Eq (17) acting on H kin . However,T (c, p) contains a factor of c −1
which as stated earlier has no operator on H kin corresponding to it. One needs to replace it in terms of the holonomies much like Eq (20) which can lead us to a replacement like c −1 →μ(sin(μc)) −1 . How can one determine if this is correct, however? We impose that such an operator must still satisfy the canonical commutation relation
which just comes from mapping the Poisson Bracket Eq (13) into a commutator. However, the operator constructed from such a replacement does not satisfy Eq (29) . Instead, we consider the commutator Eq (29) as the starting point to determine a fourvolume operatorT . This idea of solving the commutation relation when quantization fails to map the classical Poisson Bracket algebra into a quantum operator commutator algebra originated from the idea of supraquantization [68] . However, we first need to construct an operatorΛ forΛ(c, p) given by Eq (14) . The factor of c 2 can still be interpreted as the curvature, Eq (11), of the connection c so that we still use the replacement Eq (20)
which now have operator analogs. We consider the case where the factors of |p| ∝ |ν|
do not contribute to the quantum theory (since they cancel classically). That is, we suppose that there are no inverse volume corrections in the quantum theory for now. Their contributions can be studied in future works. Going back, we get the operator
So, givenΛ and Eq (29), we intend to constructT . However, this would not yield a unique operator since we can add any function f (Λ) toT so thatT + f (Λ) still satisfies Eq (29) . An interesting direction was suggested where perhaps one could find a function f (Λ) such thatT +f (Λ) is self-adjoint in H kin . This may not be straightforward however as, for a given domain, there may be unique, multiple, or even no function f (Λ) wherê T +f (Λ) is self-adjoint. Or perhaps one can go in the other direction where one makes an ansatz for f (Λ) and construct a domain whereT +f (Λ) is self-adjoint. Once again, there may be a unique, multiple, or an empty domain for such a condition. This interesting direction can be tackled in future studies. Nevertheless, we proceed by assuming an expansion forT
where the α m,n 's are to be determined and theT m,n 's are similar to the Bender-Dunne basis operators [69, 70] whose status as Hilbert Space operators were studied in [71] . Specifically, we let
where, m, n, k are positive integers. Note thatT 0,0 =Î. However, since λ inN λ can be any real number, perhaps a possible extension ofT m,n can be made in a future study. Referring to Appendix A, an operatorT constructed from such a process iŝ
A similar process was used in [72, 73] to construct Relativistic Time of Arrival Operators from their canonical commutation relations with the system Hamiltonians. We go to the classical limit by "removing the hats" (lettingT act on a definite volume state N ν (b)) and let ∆ → 0. Specifically,
We can also constructT fromT (c, p) by replacing the connection with the holonomies as c −1 → 2μ(sin(2μc)) −1 and then mapping the holonomies into operators. Note that c −1 is recovered if we insist onμ → 0 (∆ → 0). Although the motivation for such a replacement is unknown to the author. Nevertheless, the recovery ofT (c, p) fromT and its conjugacy withΛ (by construction) suggests thatT is indeed an operator corresponding to the spacetime four-volume between a space-like three-dimensional hypersurface with nonvanishing volume and the hypersurface with vanishing volume it evolves into or evolves from. Put simply then,T can indeed be interpreted as a quantum spacetime four-volume operator.
The Discrete Spectrum ofT
In this section, we will calculate the point or discrete spectrum ofT which we will denote by σ p (T ). By definition, σ p (T ) is the set of all τ 's in which the resolvent operator (τÎ−T ) is not invertible. It turns out that σ p (T ) = C so that the spectrum ofT is purely discrete and is the entire complex plane. That is, we will show that the equation
has a solution Φ τ in the domain ofT for all τ ∈ C so that (τÎ −T ) is not invertible for any complex number τ . We may assign the maximal domain
for our operatorT .
To find the formal solutions for Eq (35), we first calculate the action ofT on an arbitrary Φ(b) ∈ H kin . From Eq (34), we havê
so that Eq (35) becomesT
which gives us the formal solutions
for each τ ∈ C. We let Φ 0 to be some constant and
to be the maximum energy density of matter sources from LQC [10] . For our study, perhaps this only serves as a placeholder as we do not have any matter source for our system. Having calculated the formal solutions Φ τ (b) for Eq (35), we now show that for all complex number τ 's, all of the corresponding Φ τ (b)'s are indeed in D(T ) given by Eq (36) . That is, we should have ||T Φ τ || 2 = |τ | 2 ||Φ τ || 2 < ∞. In other words, Φ τ must be normalizable in H kin for all τ ∈ C. We first calculate the norm of the Φ τ (b)'s given by Eq (39) for τ ∈ R.
Where, we let x = 4b/ and D = 4D ′ / in the fourth line. Thus, the Φ τ ∈R 's are normalizable in H kin and in turn, shows that all Φ τ ∈R ∈ D(T ) are eigenstates ofT . Moreover, they are normalized if we set Φ (R) 0 = π/2. The real line is then in the discrete spectrum ofT . Similarly, we can proceed to the ℑ[τ ] = 0 case, where ℑ[τ ] is the imaginary part of τ
Where, we again let x = 4b/ , D = 4D ′ / , and s = −ρ crit ℑ[τ ]/ in the fourth line. This then shows that even the Φ τ 's for ℑ[τ ] = 0 are normalizable in H kin . Moreover, including the result for τ ∈ R, this in turn shows that all Φ τ ∈ D(T ) are eigenstates ofT for any eigenvalue τ ∈ C. Indeed, the eigenstates can be normalized with an appropriate choice
is not invertible for all τ ∈ C so that σ p (T ) = C and the continuous and residual spectra are empty. That is, the spectrum of the four-volume operatorT is purely discrete and is the entire complex plane. This also implies thatT is non selfadjoint when defined on the maximal domain D(T ) given by Eq (36). This does not mean however thatT has no physical meaning. There are meaningful non self-adjoint quantum operators such as the momentum operator on the half-real line and the time of arrival operators for free non-relativistic and relativistic particles (see, for instance [72, 73, 74] ). To study whetherT is a legitimate Hilbert space operator, one then needs to determine ifT is maximally symmetric and densely defined. If both are affirmative, thenT is indeed a legitimate and meaningful Hilbert space operator. This may then be the focus of future studies.
impose the condition of quasi-periodicity. Specifically, we first consider the square of its magnitude. From Eq (39), we calculate
). Next, we turn to impose the quasi-periodicity condition itself.
for m = 0, ±1, ±2, .... Thus, only the Φ τm 's corresponding to these τ m 's are in D(T (b 0 ,φ 0 ) ). The discrete spectrum ofT (b 0 ,φ 0 ) is then the set of τ m 's given by Eq (45) . Moreover, Φ τm is then truly an eigenstate with a real eigenvalue τ m . And since all the eigenvalues are real valued, this then suggests thatT (b 0 ,φ 0 ) is self-adjoint. As mentioned earlier, however, one still needs to explicitly determine whetherT 
). This information on the superselection sectors may be encoded in the spectral properties of the operatorΛ since its classical expressionΛ was derived from the Hamiltonian constraint. Finding the superselection sector in which a choice ofT (b 0 ,φ 0 ) can be shown to be truly self-adjoint on it will also be the direction of future studies.
Conclusions
In this study, we have constructed a quantum spacetime four-volume operatorT in the context of ULQC for the k = 0 FLRW model with no matter sources. Our interpretation ofT stems from its action on definite volume states N ν (b) reducing to the classical fourvolume of a finite region in spacetimeT (c, p) in the continuum limit ∆ → 0 and its conjugacy withΛ corresponding to the classical cosmological constantΛ(c, p). The operatorT was constructed by imposing this conjugacy at the quantum level. The corresponding commutation relation withΛ was solved by using an expansion ofT in terms of the Bender-Dunne-like basis operatorsT m,n [69, 70] . Formal solutions Φ τ to the eigenvalue equation (τÎ −T )Φ τ = 0 were derived and were shown to be normalizable in the kinematic Hilbert space H kin for all τ ∈ C. Upon assigning the maximal domain D(T ) toT , we then have Φ τ ∈ D(T ) for all τ ∈ C. Thus, the spectrum ofT is purely discrete and is the entire complex plane. This suggests thatT is non selfadjoint when defined on the maximal domain D(T ). Investigations in its Hilbert space properties, such as the question of whetherT is maximally symmetric and densely defined must then be made so that we may clarify its status as a Hilbert space operator. Moreover, the Φ τ 's are then indeed eigenstates ofT and can be interpreted as states of definite four-volume τ . It is comfortable to give this interpretation for τ ∈ R but for ℑ[τ ] = 0, an appropriate interpretation is needed and can be addressed in future studies. Also, the operatorsT (b 0 ,φ 0 ) , defined on their respective domains D(T (b 0 ,φ 0 ) ), were considered as possible self-adjoint versions ofT . They represent the restrictions ofT on a domain with certain quasi-periodicity conditions. It was found that their discrete spectra consist of discrete real numbers τ m = (φ 0 + 2πm) ρ is densely defined on a corresponding superselection sector and satisfies the condition
). This would be the direction of the next study. If there is an appropriate choice in which the four-volume operator can be shown to be self-adjoint, then we indeed see that the spacetime four-volume τ m is quantized. This discreteness in the spectrum ofT , and its possible selfadjoint versionsT (b 0 ,φ 0 ) , in LQC is a motivator to construct and study a corresponding quantum spacetime four-volume operator in the full LQG to see whether spacetime is indeed discrete.
Further explorations such as considering the possibility of inverse volume corrections inΛ can be made. Also, following from [75] , it was suggested that perhaps one can get an uncertainty relation from the commutator Eq (29) and get an estimate for the cosmological constant Λ which can be tested with the observed value. The possible completeness of the set of eigenstates, the Φ τ 's, can also be the subject of future works. SinceT is not unique, perhaps one can construct other operators by considering other appropriate generating functions as defined in Appendix A. Or, for a given domain, perhaps one can find a function f (Λ) so thatT + f (Λ) is self-adjoint in H kin . In the other direction, an ansatz for f (Λ) can be made and an appropriate domain may be constructed for such a condition of self-adjointness. Note that the sum is still canonically conjugate toΛ for any f (Λ). Extensions to the k = ±1 FLRW, anisotropic Bianchi, and inhomogeneous models with different matter contents can also be studied. Since singularity resolution in usual LQC is attributed to the discreteness of space, perhaps one can study the implications of four-volume discreteness. These implications include the time evolution of states in ULQC being possibly modified by a discrete time evolution since one cannot have
. This is in parallel with the modifications of the curvature F i ab since we cannot express it in terms of holonomies around closed loops of vanishing area but rather those around a finite minimum area ∆. Although one may need to determine the corresponding minimum eigenvalue (if it is indeed discrete) of a four-volume operatorT in full LQG beforehand since ∆ is the minimum eigenvalue of the area operator in full LQG. Possible modifications of discrete time evolution in effective dynamics, such as singularity resolution, can also be explored. One can also study whether the discreteness survives if one wishes to consider the physical Hilbert space H phys or the self-dual version γ → i of the theory. The role ofT and its implications can also be studied in SFMs and GFTs. That is, instead of the emergence of spacetime as the condensation of quantum "space atoms", would a similar emergence occur if one considers "spacetime atoms"?
Having constructed a four-volume operatorT of a finite patch of spacetime, perhaps one can consider other patches (each with their own four-volume operatorT ′ ) with different properties such as non-zero curvatures, isotropies, and matter contents "stiched" together in order to have a many-patch system with each patch corresponding to a "spacetime atom". Perhaps then one can find rules relating the different eigenstates and eigenvalues of the different patches so that the quantum state of the many-patch system can be the quantum superposition of each patch with themselves and each other and so that the smooth continuum of classical spacetime emerges on large scales. This direction of study may be investigated further by following a similar construction in [76] , where spacetime is put on a lattice with each cell being homogeneous and isotropic. Considering appropriate interactions between nearby cells, a quantum theory was constructed using standard loop quantization techniques.
where, to obtain Eq (A.3), we note that the double sum with the inner dummy index running as j = 0, 1, ..., k for every k = 0, 1, 2, ..., n as the outer dummy index, is equivalent to the double sum with the inner dummy index running as k = j, j + 1, j + 2, ..., n for every j = 0, 1, 2, ..., n as the outer dummy index. Also note that, 0 ≤ j ≤ k ≤ n. For Eq (A.4), we shift indices. Similarly, we can calculate where we just extend the upper limit to infinity for notational purposes since the sum terminates because of where we wish to find an expression for γ m by using the recurrence relation for increasing and positive m. It can be shown that the operator constructed from such a process is equal to the one constructed from using the recurrence relation for decreasing and negative m. Again for simplicity, we let γ m={0,1,2,3,4,5,6,7} = 0 so that the only non vanishing γ m 's are where we used the operations satisfied by theN λ 's. Other operatorsT may be constructed from other choices of appropriate generating functions g ±,m,n (x).
